Introduction
Recently, constructing analytical solutions of non-linear PDE is relatively active because of searching for as many as meaningful exact solutions are of both theoretical and practical value. In the past several decades, mathematicians and physicists have made many significant researches in this direction and some effective methods have been proposed [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . It was shown that direct algorithm [11] of the exp-function method [4] for non-linear PDE has an advantage in dealing with the so-called middle expression expansion problem. Among these existing methods, Hirota's bi-linear method [2] is a direct method for constructing multi-soliton solutions of non-linear PDE. However, there is little research work in extending Hirota's bi-linear method to a whole hierarchy of non-linear PDE. It is because that transforming a given hierarchy of non-linear PDE to its bi-linear form is very difficult. In this paper, we shall extend Hirota's bi-linear method [2] to the generalized Ablowitz-Kaup-Newell-Segur (gAKNS) hierarchy with time-dependent coefficients: 
where a i (t) are the arbitrary continuous functions of t, the operator L is employed: 
It should be noted that eq. (1) generalizes the known AKNS hierarchy [12] :
For a special case of eq. (1), we take m = 3 and gain the gAKNS equations with time-dependent coefficients [13] 
the gAKNS hierarchy (1) can be bi-linearized:
* under the condition that:
where D x and D t are Hirota's differential operators [7] , and 
--------------* Remark: all the symbols · in this paper denote a computation For conveniently, we first suppose that: 
Substituting eq. (6) into eq. (15) and using eq. (8) we have:
We next rewrite the right-hand side of eq. (1):
In view of eqs. (6) and (17), we transform the right-hand side of eq. (1):
On the other hand, with the substitution of eq. (6) the left-hand side of eq. (1) becomes:
Then we easily derive eq. (7) from eqs. (18) and (19). The proof of Theorem 1 is ended.
Theorem 2. We expand g, h, and f: Substituting eq. (20) into eqs. (7) and (8) and then collecting all the coefficients with same order of ε, we get a system of differential equations (SDE): 
We can verify that if g 5 = h 5 = f 6 =…= 0, then those unwritten equations in the previous SDE all hold. Thus, we obtain two-soliton solutions of eq. (1) 
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By induction, we can finally reach the n-soliton solutions determined by eqs. (6) and eqs. (10)- (14) of eq. (1). Thus, we finish the proof of Theorem 2.
Conclusion
In summary, we have extended Hirota's bi-linear method [2] to a new gAKNS hierarchy in eq. (1). One of the key steps in the procedure of extending Hirota's bi-linear method [2] is to reduce eq. (1) to the bi-linear form in eqs. (7) and (8) by the transformation eq. (6) introduced in this paper. As a result, exact and explicit one-soliton solutions, two-soliton solutions, three-soliton solutions and the uniform formulae of n-soliton solutions of the new gAKNS hierarchy are obtained. The continuous functions α 1 (t), α 2 (t),…, and α n (t) in the obtained solutions provide enough freedom for us to describe enrich structures of these soliton solutions.
